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Abstract

This thesis investigates the zero-error communication capacity of noisy classical channels
in the presence of shared entanglement between the sender and receiver. It explores
both entanglement-assisted and classical zero-error capacities for a family of channels
constructed from symplectic hypergraphs. The main goal of this thesis is to understand
the amplification of asymptotic zero-error capacity due to shared entanglement, as shown
by Leung et al. [1], and to elaborate on their somewhat concise proof. Additionally,
the thesis provides background material on linear algebra, quantum information, and
finite fields, including the finite field trace. Finally we shortly elaborate on a connection
between the symplectic graph sp(6, F2) and the E7 root system, enabling the construction
of orthogonal measurements and highlighting the interplay between symplectic graphs
and the study of Lie algebras.
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1 Introduction

Entanglement-assisted communication is a subject of great interest as it offers the po-
tential to overcome limitations in classical communication systems. By harnessing the
power of entanglement, it is believed that information transmission can be significantly
improved.

The capacity of a noisy channel can be viewed as the maximum achievable transmis-
sion rate for codes with vanishing error probability. In contrast, the zero-error capacity,
denoted as Cjp, is the maximum transmission rate achievable for codes with a perfect
error-free performance. While Cjy appears to be a simpler characteristic than the gen-
eral capacity, it poses computational challenges and raises unresolved questions. Our
research focuses on this intriguing aspect and uncovers a remarkable phenomenon: the
use of entangled states enables an increased number of error-free messages in certain
classical channels. This finding highlights the potential of entanglement-assisted com-
munication to enhance the transmission capabilities beyond what is achievable with
unassisted communication.

In the exploration of this subject, one of our main findings is Theorem 6 which shows
that the zero-error capacity Cy of a channel constructed from the symplectic group over
a binary field, sp(6,F2), is log 7. However, the entanglement-assisted zero-error capacity
C’éE for the same channel stands at log9.

In Chapter 2, we provide the necessary background on linear algebra, quantum com-
puting, and finite fields. We delve into key concepts such as hermitian and unitary
matrices, the trace of a matrix, eigenvectors and eigenvalues, as well as the Kronecker
product and partial trace operations used in quantum computing. Furthermore, we
introduce the finite field trace, discussing its non-degeneracy, linearity, and surjectivity.

In Chapter 3, the concept of zero-error capacities in classical channels is discussed,
focusing on confusability graphs and hypergraphs as ways of representing mutually con-
fusable inputs. We present a protocol for entanglement-assisted communication and
explore the conditions for achieving entanglement-assisted zero-error capacity. We also
examine the connection between confusability graphs and zero-error capacity, highlight-
ing the role of the independence number in determining the maximum number of error-
free transmissions. The Lovasz number is introduced as an upper bound for the Shannon
capacity of hypergraphs, providing insights into the limits of the zero-error capacity.

In Chapter 4, a symplectic hypergraph channel is introduced using a binary symplectic
vector space. Its confusability graph is based on the symplectic inner product that
encodes orthogonality relationships between vectors in a binary symplectic space. Two
simple examples, sp(2,F2) and sp(4,Fs) are explored, after which we focus on the first
non-trivial case, sp(6,F2).

Finally, in Chapter 5, we investigate the classical and entanglement-assisted zero-error



capacities of the symplectic hypergraph channel. We establish that for the confusabil-
ity graph sp(6,Fs), the entanglement-assisted zero-error capacity exceeds the unassisted
capacity. Specifically, we prove that the unassisted capacity is log7 using Haemers’
bound, and in the entanglement-assisted case, the capacity is log9. Furthermore, we
demonstrate a connection between sp(6,Fs2) and the E; root system, showing how the
vertices of the symplectic graph correspond to elements of the root system. This connec-
tion allows us to construct orthogonal measurements used in the protocol for zero-error
entanglement-assisted communication, highlighting the relationship between symplectic
graphs and Lie algebras/Lie groups.



2 Background on linear algebra,
quantum computing, and finite fields

2.1 Notions from linear algebra

We start by introducing some basic concepts from linear algebra and quantum computing
based on [2, 3].

Let A be a matrix in C"*". We say that A is hermitian if At = A, where Af .=
AT = AT, We say that A is unitary if ATA = AAT = I where I denotes the identity
matrix. The trace of A is defined as follows:

Te[A] = ) (il Ali)
where (i| and |i) denote the ¢’th standard basis row and column vectors of C". It obeys
the following cyclic property:
Tr[AB] = Tr[BA] (2.1)

for any matrices A and B of compatible size.
If Alp) = A|p), we say that |¢) € C" is an eigenvector of A with eigenvalue \ € C.
The eigendecomposition of a matrix A € C"*"™ is defined as

A= Nilei) (il
=1

where |¢;) is the i’th eigenvector of A and J; is the corresponding eigenvalue. A matrix
with such an eigendecomposition is called diagonalisable. Furthermore, a matrix A is
diagonalisable exactly when AAT = ATA (see Nielsen & Chuang [4]). Matrices with this
property are called normal. Because of this we can say that a matrix is hermitian if
it is diagonalisable and all its eigenvalues are real, i.e. A € R. We say A is a positive
semi-definite matrix if it is hermitian and all of its eigenvalues are non-negative, i.e.,
A\; > 0. We denote the set of all positive semi-definite matrices on C? by PSD(C?).

In quantum mechanics, the following operation that combines two matrices into a
bigger one by multiplying them entry-wise plays a very important role.

Definition 1 (Kronecker product). The Kronecker product or tensor product of
a matrix A € CP*? with a matrix B € C"*% is defined as
anB -+ a14B
A® B = : : .
aplB -+ apyB



where A @ B € CP"x43,

Conversely, we can make a big matrix on a tensor product space smaller by performing
an operation that generalises the matrix trace introduced earlier.

Definition 2 (Partial trace). For every linear operator Map € CP*PC"*", the partial
trace over B is defined as follows:

Trp[Mag] := Y (14 ® (il g) Map(Ia ® i) p),

i
where |i) 5 is the standard basis of B and 14 is the identity operator on A.

Before we move on to quantum states we state another useful property from linear
algebra. In quantum mechanics, the following lemma allows us to express states in
different bases, depending on what is most convenient for the situation at hand. This can
be useful when dealing with entangled systems. For example, we might be interested in
changing the basis in which the state of a system is expressed to make certain quantities
easier to compute. The proof of the lemma demonstrates the use of unitary matrices for
changing bases, another common principal from quantum mechanics.

Lemma 1 (Orthogonal bases). Let |¢1), ..., |@q) be any orthonormal basis of C?. Then

d d
Sialig Z o)A ®05) (2:2)

Proof. Let U := Zle li) (i| € C¥4 and note that U is unitary since

d d d
Ut = (ZI@ <80i|) D olead Gl = D 10 (wiles) Z % i) Gl = Z’
i=1 Jj=1

i,j=1 i,j=1
(2.3)
where we used the fact that |¢1),...,|pq) is an orthonormal basis. Note that

d d
Ulj) = lei) (ili) = 6ij i) = ls) (2.4)
i=1 i=1
for every j € {1,...,d}. Using this,

Z\% ® i) p ZUU U |j) g (2.5)

so our goal is to show that we can remove U and U from this expression.



Note that U |5) = 2%, Ui; |i) where Uy; := (i| U |5) is the ij-th entry of U. Inserting
this in eq. (2.5) gives us

d ,d d d .
Z( Uij !i>> ®<2Ukj|k>> = > Uyl li)a ® k) g (2.6)
j=1 Vi=1 A k=1 B k=1
d
= bl ®k)p (2.7)
ik=1
d
=> liya®li)p, (2.8)
i=1

where we used the fact that Y°7_, U;;Ur; = >-0_1 Uy (U1 = ()| UUT [k) = (i| I |k) = 6

since U is unitary. O

2.2 Quantum states and measurements

The following section covers quantum states and how to measure them to extract clas-
sical information. We will need these concepts when describing entanglement-assisted
communication protocols later on. We'll start by defining some key terms and then we’ll
get into how these concepts interact with each other.

Definition 3 (Density operator). A density operator is a positive semi-definite linear
operator (PSD) with trace one. We denote the set of density operators on a Hilbert
space ‘H by

D(H) ={p € PSD(H) | Tr[p] = 1}.

In the world of quantum mechanics, a density operator is like a rule book that tells us
about the state of a quantum system which is described by a density operator acting
on the underlying Hilbert space H of the quantum system. A state is identified with
its corresponding density operator. In quantum mechanics, we distinguish between pure
states and mixed states. The former, pure states, can be represented in the form
p = |¢) (¢, which effectively correspond to Hilbert space vectors |p) € H of unit length.
Pure states are those where we have complete knowledge about the quantum system,
and they can be represented by a state vector in a Hilbert space, a complex vector space
with an inner product. The state vector uniquely determines the pure state, and all
observables of the state can be derived from the state vector.

The latter, mixed states, are not expressible in this particular form. Mixed states
are used when we only have partial knowledge about the quantum system. These states
cannot be described by a single state vector, as we will see later on. Instead, they are
represented by a density matrix, which is a positive semi-definite, hermitian operator
acting on a Hilbert space, with trace equal to one. The density matrix for a mixed state
can be thought of as a probabilistic mixture of pure states.



If |¢) is a unit vector in Hilbert space H then

P = o) (¢

is the rank-1 orthogonal projection or the orthogonal projector onto the one-
dimensional space C |p). More generally, a matrix P € PSD(H) is an orthogonal pro-
jection if
P?=P.

To clarify, orthogonal projections, such as P = |¢) (¢|, are indeed examples of density
operators which uniquely describe pure quantum states. They also represent the simplest
observations, projecting onto one-dimensional subspaces of the underlying Hilbert space
‘H. However, these observations can be more general and may also involve orthogonal
projections onto higher-dimensional subspaces or even arbitrary positive semi-definite
matrices, thus enabling a more comprehensive understanding of the quantum system.
The only way to access information in a quantum system is by making a measurement
on the system. This is where Positive Operator-Valued Measures (POVMs) come
into play. A POVM is a collection of measurement operators that act on a quantum
system. Each operator corresponds to a possible outcome of the measurement.

Definition 4 (Positive Operator-Valued Measure (POVM) or measurement). A POVM
or measurement on a Hilbert space ‘H with outcomes in some finite set €2 is a function

w2 — PSD(H) such that Z u(x) = 1.

e

If all pu(x) are orthogonal projectors, then we say that u is projective. We will denote
by JM(H, ) the set of all measurements on H with outcomes in .

We can interpret these measurements using Born’s rule.

Definition 5 (Born’s rule). If we measure a quantum system in state p € D(H) using
a measurement u, then the probability of outcome = € 2 is given by Born’s rule:

p(x) := P(outcome z) = Tr[u(z)p].
When p = |p) (¢| is pure, we can equivalently write

p(x) = (el u(z) @)
by using the cyclic property of trace, see eq. (2.1).

Born’s rule is like a quantum dice roll that produces random measurement outcomes.
It’s the rule that helps us to determine the outcomes of quantum measurements and
learn some information about the system. Now, consider that we’re not dealing with
just a single quantum system, but multiple ones. Each of these systems has its own
Hilbert space. When we’re interested in the behavior of these systems as a whole, we
need to combine these individual state spaces.



Definition 6 (Composing systems). For a quantum system composed of n subsystems
with Hilbert spaces Hi, ..., Hn, the overall Hilbert space is given by the tensor product
H=H1® - QHnp.

When dealing with a single quantum system, you describe its state using a density
operator acting on a Hilbert space specific to that system. This is a fundamental aspect
of quantum mechanics. Once you start working with multiple quantum systems, you
have to consider a density operator on the combined Hilbert space of all the systems.
When the state of each subsystem is independent from each other, the overall state is
constructed as the tensor product of the individual states.

Definition 7 (Product state). A state p € D(H1®---®H,) is called a product state
if

p=p1-& pn,
for p; € D(H;),i =1,...,n. A state that is not a product state is called correlated.

The states of these combined systems can take on different forms. We distinguish
between them as follows.

Definition 8 (Separable and entangled states). Let H4 and Hp be two Hilbert spaces.
A quantum state pap € D(Ha @ Hp) is called separable or unentangled (between
systems A and B) if it is a convex combination of product states, i.e., if there is a
probability distribution (p;)ic; and states pa; € D(Ha), pp;i € D(Hp) such that

PAB = sz' PA; @ PB.;i-
el

A state that is not separable is called entangled.

In the world of quantum systems, measurements often play a crucial role, and this is
even more true when we consider the joint system and apply a partial measurement.

Definition 9 (Born’s rule for a partial measurement). If a joint system is in state pap
and we apply a measurement pq : Q4 — PSD(H4) on A, the probability of outcome
x € Q4 is calculated as follows:

p(z) = Tr[(pa(r) ® Ip)pas] -

In particular, if pap = |¢) (¢| 45 is a pure state then

p(z) = <¢’AB (na(z) @ Ip) ’¢>AB :

Furthermore, each subsystem of a joint system can be assigned its own state, known
as the reduced state.

Definition 10 (Reduced state). Given a state pap on AB, we define its reduced
state on subsystem A by ps = Trplpap|, where Trp denotes the partial trace from
Definition 2.

10



Let’s consider a situation where we apply a measurement to a subsystem of a joint
system and obtain an outcome. The state of the remaining subsystem after this mea-
surement can be calculated as follows:

Definition 11 (Post-measurement state on the remaining subsystem). Suppose a quan-
tum system is in state p4p, and we apply measurement 4 : Q4 — PSD(H4) on A and
obtain outcome x € Q4. Then the post-measurement state of the remaining system
B after the measurement is given by

(:U) _ TTA[(,UA(-%') & IB),OAB] _ TI'A[(;UJA(x) @ IB)PAB]
PB Tr[(pa(z) ® Ig)pas) p(x)

2.3 Finite fields

This section provides an introduction to finite fields and the concept of finite field trace,
along with an explanation of their fundamental properties. These concepts will be
applied in Chapter 4 to create a certain classical communication channel based on a
vector space over a finite field. The main advantage of using finite fields to describe a
channel is that one can then deploy tools from linear algebra to analyze its transmission
capabilities.

A finite field is a structure that consists of a finite set of elements and two opera-
tions, called addition and multiplication. The elements of the field must satisfy certain
properties, such as existence of an additive and multiplicative identity, the ability to add
and multiply any two elements together, and the existence of additive and multiplica-
tive inverses. The two operations must be compatible, in the sense that multiplication
distributes over addition.

The notation F,, or GF(p) is used to indicate a finite field with p elements, where
the “GF” stands for “Galois field,” named after Evariste Galois, who first studied finite
fields. A finite field with p elements, where p is a prime number, is isomorphic to the
ring of integers modulo p:

Fp = Z/pZ,

giving us an infinite family of familiar examples. However, there are additional finite
fields that are not of this form.

An extension field [, is a field that contains another field, called the base field F,
as a subfield. In general the sizes ¢ and ¢’ of an extension and base field are related
follows: ¢ := (¢’)™, for some extension degree m € N. We will only be interested
in the case when ¢’ = p, a prime. Moreover, in Chapter 4 we will mostly consider the
special case when p = 2. From now on we will use the convention that

q=7p", (2.9)

where p is any prime, and treat I, = F,m as an extension field over the base field [F,,.
Note that in general, a finite field of size ¢ exists if only if ¢ is a prime power.

11



There are a number of interpretations of an extension field and its elements. One way
to see them is as polynomials with degree of at most m — 1 with coefficients in the base

field:
m—1
Fq = {Z a; X* ’ a; € Fp}.
i=0
The degree deg(f(X)) of a polynomial f(X) = Z?:ol a; X" is the largest n such that
ap, # 0. We say a, is the leading coefficient of f(X). If a polynomial has leading
coefficient 1, we call the polynomial monic. It is easy to see that when a; = 0 for

i =1,...,m — 1 the polynomial reduces to f(X) = ap € F, and we get exactly the
subfield IF,, C Iy, the set of all constant polynomials f. Note that for such a polynomial

deg(f) = 0.

Let us briefly discuss how the two field operations are defined when we interpret the
extension field elements as polynomials. The operation of addition in the field Fy is
defined as follows:

m—1 m—1 m—1
=0 =0 =0

Before we move on to defining multiplication, we need to introduce the concept of irre-
ducible and minimal polynomials.

Definition 12 (Irreducible polynomial). An irreducible polynomial is a polynomial
f(X)=3",a;X" € F;, which cannot be factored into the product of two polynomials
g,h € Fy such that f(X) = g(X)h(X) where deg(g),deg(h) < deg(f).

A closely related concept is that of minimal polynomials.

Definition 13. We say a polynomial f is the minimal polynomial of a over F),
often denoted as f]ﬁ“p or f* if f is monic and of minimal degree m such that f(a) = 0.
If this is the case, then we must have for any other polynomial g that if g(a) = 0, then
m < deg(g).

The following lemma shows that these two concepts are closely related.

Lemma 2. Consider an irreducible polynomial f. The polynomial f serves as the
minimal polynomial for any root « that satisfies the equation f(z) = 0. Conversely, a
minimal polynomial of is irreducible.

Proof. Let a be the root of an irreducible polynomial f. Let’s assume that f is not the
minimal polynomial of a. Therefore a minimal polynomial f*(z) of a with deg(f®) <
deg(f) such that f¢(a) = 0. We can then write

f = fa ~h+ T,
where Applying polynomial Euclidean algorithm we might decompose f as follows :

deg(r) < deg(f*). (2.10)

12



We can distinguish two cases:
Case 1: r = 0. In this case we get

f:fa‘ha

giving us a factorization of f, which contradicts the assumption that f is irreducible.
Case 2: r # 0. Since f(a) = f*(a) =0, we get r(a) = 0. But since deg(r) < deg(f?),
we find « is also a root of r, which is of lower degree than f<, thus contradicting the as-
sumption that f¢ is a minimal polynomial. As both assumptions lead to a contradiction,
f< is irreducible.

We prove the converse by contradiction. Consider a minimal polynomial f* of «.
Suppose f* = g - h is reducible. Then g(a) = 0 or h(a) = 0, where of course
deg(g),deg(h) < deg(f*). This contradicts a condition. O

Note that if f(X) is a monic polynomial of deg(f) = m then f(X) = 0 is equivalent
to the following
XM=y X™ 1~ — a1 X — ag, (2.11)

This can be used to define a multiplicative structure in F, Indeed multiplication of
polynomials is determined by the rule

(CLZXZ) . (CLij) = (ai . bi)XH_j,

giving us
m—1 m—1 2m—2
<Za,~-Xi> : <be> = > | D b |- x*
i=0 i=0 k=0 \i+j=k
While this polynomial likely has degree larger than m — 1, it can always be reduced
below m by repeatedly applying eq. (2.11).

Here is an example of such reduction when multiplying the elements of F, with ¢ = 23.
Take irreducible polynomial f(X) = X3 4 X + 1. Since

f(X) =0+ X?= X +1,

we can reduce the following product of two degree-2 polynomials from a degree-4 poly-
nomial to a degree-2 one as follows:

I+ XA+ X+ X)) =1+X+ X2+ X?+ X3 4+ x*
=1+ X+ (X+1)+X(X+1)
=X+ X2,
which again lies in F,.
Another interpretation of an extension field is the following. Let a € FF, be a root

of an irreducible polynomial of degree m. Then the following set consists of complex
numbers:

Fy(a) = {ag +ara+ - +an_12" " | n € Zsg,ap, .. .,an € Fp}

13



equipped with usual multiplication and and addition is isomorphic to I, is a subfield of
F,. We define the following evaluation homomorphism for a € F,

O:F;, = Fpla): f(X)— f(a). (2.12)
Lemma 3. Let a be the root of f*, a monic irreducible polynomial over F,. Then

Fp(a) = Fg = Fp[X]/(f).
Proof. First, note that ® in eq. (2.12) is surjective. Furthermore, by Lemma 2 we can

conclude that f¢ generates Ker(®), since any other polynomial g with g(a) = 0 can be
divided by f¢. By the first homomorphism theorem we then find the desired result. O

It is easy to see that ® preserves the multiplication and addition structure.

This lemma gives us the freedom to choose our interpretation of the finite field based
on the property we are proving. To read more on rings and minimal polynomials we
refer to [5].

Using Theorem 12.5 from [5] we see that the following property holds for all « € F:

! =z, (2.13)

which will be useful for us later.

2.4 Finite field trace

One of the key concepts we will encounter in the Chapter 4 is the finite field trace. It will
play significant role in our analysis of symplectic hypergraphs. The finite field trace, in
the context of our investigation, serves as a tool for understanding the non-degeneracy
of the symplectic form which is introduced in Section 4.1. The following lemmas walk us
through proving non-degeneracy of the finite field trace, which will be a key ingredient
later.

Lemma 4. Let F, be a finite field with ¢ = p" elements, where p is a prime number
and m is a positive integer. Then, for all a,b € F, and integers n > 0, the following
holds:
(a+b)P" =a?" £,

Proof. We first prove the identity (a+b)?" = a?" +b" by induction on n. The base case
n = 1 follows from the binomial theorem, since (a+b)? = a?+ (¥)aP~ b+ - -4+bP = aP+bP
using the fact that p is a prime and divides all binomial coefficients (g) for 0 < k < p.

Now, suppose that the identity holds for n = k, i.e., (a + b)pk = a”" + " for all
a,b € F,. We need to show that it also holds for n = k + 1. We have:

(a+b)""" = (a+0b)"""
((a + b))
a? + b )P

k-+1
a4 P



where we used the inductive assumption and the base case. This completes the induction
step, and so the identity holds for all n. Note that by a similar argument it also follows
that
(a+b+c)P =(a+ b+ =a? + (b+c)P" =a" + 0" + &,

where a, b, c € [Fy.

The identity (a — b)P" = aP" — b?" can be proved in a similar way, using the binomial
theorem and the fact that p divides all binomial coefficients (i) for 0 < k < p. We omit
the details. O

Additionally, we require a property that addresses the number of solutions for a poly-
nomial. By applying a universal theorem of algebra, we can establish the ensuing lemma.

Lemma 5 (Number of solutions of a polynomial [6]). If f(x) is a polynomial of degree
m with coefficients in a field F,, then the equation f(z) = 0 can have at most m distinct
solutions in F, = F)(a).

Recognizing the non-trivial nature of the finite field trace is key as it reflects the
function’s distinctiveness and linear properties, instrumental in advanced computations
within the finite field context. We define the finite field trace as follows.

Definition 14 (Finite field trace). The finite field trace on Fym, as an extension over
Fp, is defined as

Tr(z) ::x+mp+$p2+...+xpm‘1:pri

for any = € Fpym.

Lemma 6 (Trace is not trivial). There exists € F, such that Tr[z] # 0.

Proof. Note by Lemma 5 that the polynomial Tr[z| = x + 2P + 2 4P =0
has at most p™~! solutions. Since F,(c) contains only p™ elements, we conclude that
the there exists « € F,,(a) such that Trlz] # 0. O

To ensure an element lies in a finite field, one can check if the requirements of the
following statement are met.

Lemma 7 (Identifying base field elements). Let € F,. Then 2P = «z if and only if
xz €.

Proof. First we prove the statement from right to left (<). Fermat’s Little Theorem
states that if p is a prime and a is an integer not divisible by p, then a?~! =1 (mod p).
Applying this to the finite field F,, 2 Z,, we have that if x € F,,, then 2P~! =1 (mod p).
Multiplying both sides of the equation by z gives us the desired result.

Now we prove the other implication from left to right (=-). For this part, we shall
work with the second definition of finite fields as described in 2.3. Suppose that x € F,

15



is such that 2 = x. We need to show that x € F,. Let us rewrite the equation as a
polynomial:

f(z):=aP —x=0.

According to Lemma 5, this polynomial has at most p solutions. As we showed, we have
proven that all elements x € IF,, are solutions to this equation. Consequently, it is not
possible for any other field element to satisfy it. O

It is obvious from this definition that Tr(x) € F,m. However, it turns out that in fact
the stronger statement Tr(z) € F,, C Fpm is also true.

Lemma 8 (The trace takes values in the base field). Tr(x) € F, for all z € Fy.

Proof. Using Lemma 7 and eq. (2.13), it is enough to show that (Tr(x))? = Tr(x).
Choose arbitrary x € Fg, the following holds:

’I‘I‘[l’]p = (;p + P + IL‘p2 4t xpm72 + :L‘pmil)p
=P 2P 4P 4 P P
:[Up+xp2+xp3+'..+$pmfl +$

m—1

=zt +a” 4o 4P
= Tr[z],

where we made use of Lemma 4 in the second equality. This finishes the proof O

Furthermore, we have that the trace is linear over the base field.

Lemma 9 (The trace is linear over the base field). Tr(ax + by) = aTr(z) 4+ bTr(y) for
all z,y € F, and a,b € F,.

Proof. Notice that for arbitrary c¢ € F,,, we have ¢ = ¢, which implies that ' = ¢ for
every ¢ € N. We find from Definition 14 that
Tr[ax + by] = (ax + by) + (az + by)? + (azx + by)i”2 + -+ (ax + by)pmf1
= az + by + (az) + (by)? + (ax)” + (by)” + -+ ()’ 4 By
= az + (az)P + (a2 + -+ (a2l + by + (by) + by + -+ (0y)?

m—1

m—1
=ar+aPa? +a”a” + - a”" P by PP Py T
= aTr(z) 4+ bTr(y). O

The linearity of the finite field trace plays a pivotal role in establishing its surjectivity,
ensuring the trace covers the entire base field.

Lemma 10. The finite field trace is onto.
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Proof. By Lemma 6 there exists « € F, such that Tr[z] # 0. By linearity (Lemma 9),
Tr[ax] = aTr[z] for any a € F), implying that the range of the trace is the entire base
field F,. 0

The following lemma then utilises this property to establish that distinct elements in
F, have distinct trace maps.

Lemma 11. For any element b € F;, we define the following map
Ly(z) := Tr[bx].
Then b #ce€Fy = Ly # L.

Proof. The trace is a linear map (Lemma 9), thus, the map L is linear as well. Assume
b # ¢, then b — ¢ # 0. Now by Lemma 6 we can choose an a € [, such that Tr[a] # 0
and define a’ := (b — ¢)"'a. Now we find

Tr[ba'] — Tr[ea’] = Tr[(b — ¢)a’] = Tr[a] # 0.
Which leads us to
Trlba’) — Trlea’] = Ly(a') — Le(a) #0 = Ly # Le
as claimed. d

Using the established lemmas, we can now prove the non-degeneracy of the finite field
trace.

Lemma 12 (The trace is non-degenerate). Let z € Fy. If Tr(zy) = 0 for all y € F, then
z=0.

Proof. By Definition 14 we have

—1

Tr(zy) = xy + (zy)? + (2y)” + - + (zy)?"
m—1 m—1

= oy +aPyP +aP P P P

Evidently Tr(zy) = 0 when = = 0.
On the other hand, by Lemma 11 we know that Ly # L, when z # 0. This means
that for any 0 # « € F, there exists a y € [F; such that Lo(y) # L;(y). In other words,

0 = Tr[0y] # Trlzy].

We conclude that if z # 0 then Trzy] # 0 for some y € F,. O
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3 Zero-error capacities

This chapter introduces classical channels and their memoryless property. In it we define
confusability graphs, and later hypergraphs, to represent relationships between confus-
able inputs of a channel. We need these concepts to understand what entanglement-
assisted zero-error capacity entails. The chapter also presents a protocol for entanglement-
assisted communication. First we establish the conditions under which density operators
and positive semi-definite operators can achieve the entanglement-assisted zero-error ca-
pacity. Next, we show that certain properties of a hypergraph allow for a one-shot zero-
error communication protocol with a capacity equal to the number of hyperedges in the
representation. These properties offer valuable insights into the entanglement-assisted
zero-error capacity of classical channels and the connection between confusability graphs
and zero-error capacity.

3.1 Classical zero-error capacity

In this section, we embark on a journey into the realm of zero-error capacities, a con-
cept in information theory. We delve into the maximum number of different messages
that can be transmitted through a channel without any decoding errors, pushing the
boundaries of reliable communication. We start by examining classical channels and
their confusability graphs, visual representations that reveal the intricate relationships
between input symbols. Additionally, we briefly explore the Lovdsz number as an upper
bound for the Shannon capacity of hypergraphs, to get a better idea of limits of error-free
transmission.

We say a channel is memoryless when consecutive uses of it are independent. As such,
a memoryless classical channel N is entirely described by the conditional probability
distribution N (y|z) of output y for each input z. That is, under input = the output
of the channel is y with probability NV (y|z) [7]. Given two channels N7 and N3, the
channel attained by a single use of each channel is written as their tensor product,
N1 ® Na, indicating that its conditional probability matrix is the tensor product of the
respective conditional probability distributions. Analogously, n uses of a channel N is
denoted by N®™.

Throughout the thesis we will use X and Y to denote the set of input and output
symbols of a channel N of interest. We say that two input symbols x1,20 € X are
confusable if there exists an output y € Y such that N (y|z1) > 0 and N (y|z2) > 0.
The confusability graph of N is a graph G(N) = (V, E) where the set of vertices
V = X correspond to distinct input symbols of the channel A/, and two vertices are
joined by an edge if said vertices are confusable. The confusability graph of N7 ® N>
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Figure 3.1: Left to right: Conditional probability matrix of channel A its hypergraph
H(N) with labelled hyperedges; confusability graph G(N). Inputs 1 and 4
form a maximum non-confusable set. This example is taken from [8].

is based on those of A7 and N3 in the following way: G(N; ® Na) = G(N7) K G(N>),
where X denotes the strong graph product [1].

Definition 15 (Strong graph product). The strong product of graphs Gi,...,G,
is a graph G; X --- X G,, whose vertices are the n-tuples V(G1) x --- x V(G,) and
distinct vertices (a1, ..., a,) and (by,...,b,) are joined by an edge if they are entry-wise
confusable, i.e., for each j € {1,...,n} either a; = b; or a;b; € E(G;). Likewise, we
define the strong power of graph G by G®! := G and G¥" := G K G¥(»— 1,

A clique in a graph is a subset of vertices where every vertex is joined by an edge
to every other vertex in the subset. In a confusability graph, a connection between two
vertices means that the corresponding inputs are confusable, i.e., they can produce the
same output. Therefore, a clique in a confusability graph represents a set of inputs that
are mutually confusable, as each input is connected to every other input in the set.

For this thesis, I have decided to use confusability hypergraphs instead of con-
fusability graphs. The main reason for this is that the focus of my research is on the
confusable inputs of a channel, which are better represented by hypergraphs. A set of
inputs that are mutually confusable in a confusability graph is represented by a clique,
i.e., an edge between each pair of vertices in the subset. In contrast, a confusability hy-
pergraph represents this set using just a single hyperedge. This means that although a
confusability hypergraph may appear more complex at first, it actually has significantly
fewer edges compared to a confusability graph.

Definition 16 (Confusability hypergraph). The confusability hypergraph of a chan-
nel NV is a hypergraph H(N) = (V, E) where the set of vertices V' correspond to the
distinct input symbols of the channel /. Each output symbol y € Y, is represented by
a hyperedge y := e, C V such that e, = {z € V : N(y|z) > 0}. In other words, the
hyperedge contains all input symbols that can produce the same output symbol y.

Suppose that in a channel N, the input symbols 1, 2, and 3 are confusable and
produce the same output y € Y. Then, in the confusability hypergraph of A/, we add
a hyperedge that contains all three vertices {1,2,3}, representing the fact that these
three input symbols are pair-wise confusable. We do not add hyperedges for the subsets

19



{1,2}, {1,3}, {2,3}, because these subsets are already included in the largest subset
{1,2,3}. More precisely, E consists of maximal subsets of pair-wise confusable inputs,
where each subset represents the confusable inputs for every output y € Y. This means
that without loss of generality we can take the output set Y of the channel A to coincide
with the set of hyperedges E of its confusability hypergraph H(N'). Similarly, the set
X of input symbols for A/ coincides with the set of vertices V' of H(N):

X = V(HWN)), Y = E(H(N)). (3.1)

Remark. The claim made regarding the equivalence between the output set Y of the
channel A/ and the set of hyperedges E of its confusability hypergraph H(N) raises a
concern. To illustrate this, consider the scenario where we have X = 1,2 and Y =
a,b with channel probabilities N (a|l) = N(a]2) = N(b|]1) = N(b]2) = 1/2. In this
case, it becomes necessary to include the hyperedge {1,2} twice in the hypergraph
representation. This duplication accounts for the fact that inputs 1 and 2 can be confused
in two distinct ways: either of them can yield the outputs a and b. Consequently, our
set of hyperedges is treated as a “multiset,” which, fortunately, does not introduce any
additional complications throughout the study.

The hypergraph of N7 ® N> is based on those of N7 and A5 in the following way:
H(N @ N3) = H(N,) K H(N>), where X denotes the strong hypergraph product.

Definition 17 (Strong hypergraph product). The strong product of hypergraphs
Hy,...,H, is a hypergraph H; X---X H,, whose vertices are the n-tuples V(Hj) X - -+ x
V(H,,) and distinct vertices (a1, .. .,ay) and (b1, ..., by,) are joined by a hyperedge if they
are entry-wise confusable, i.e, for each j € {1,...,n} either a; = b; or a;,b; € e for some
e € E(Hj). More precisely, for every pair of hyperedges e; € E(H;) and ey € E(H>),
we define a new hyperedge e; X es in H; X Hy. Likewise, we define the strong power
of hypergraph H by H®¥' := H and H¥" .= H K H¥(~1),

The notion of independence number is introduced as a key measure in determining the
zero-error capacity, capturing the maximum number of messages that can be transmitted
without any confusability.

Definition 18 (Independence number). An independent set of a hypergraph is a
subset of its vertices where no two vertices are contained in the same hyperedge. The
independence number «(H) of hypergraph H is the maximum size of an independent
set of H.

We can interpret the independence number as the largest number of inputs that lead
to distinct outputs with certainty. This brings finally brings to the notion of zero-error
capacity.

Definition 19 (Zero-error capacity). Let My(N') denote the maximum number of differ-
ent messages which can be sent with a single use of A/ with zero probability of decoding
error. If H(N) denotes the confusability hypergraph of N then

Mo(N) = a(H(N)),
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since a(H (N)) is the maximum number of messages which are mutually non-confusable.
The zero-error capacity of N is then

Co(N) := lim llogMo(/\/®n)

n—oo n

where “log” denotes the base-2 logarithm.

Shannon observed [9] that My and Cjy depend solely on the confusability graph of the
channel since My(N) = a(G(N)) and Cy(N) = log O(G(N)) where

O(G) := lim {/a(G%n),
n—oo
is known as the Shannon capacity of G. This analogy extends to hypergraphs of the
channel as well. Evidently, ©(H) > a(H), because H*" has an independent set of size
a(H)™. In particular, this implies that

Co(N) > log My(N). (3.2)

In general however, ©(H) can be larger than «(H). The simplest example is the 5-cycle
(hyper)graph Cs for which a(Cs) = 2 but ©(Cs) = /5 [10].
Although computing the independence number of a hypergraph is conceptually simple,
it is NP-hard. As such, there is no known algorithm to compute the Shannon capacity of a
hypergraph. There is however a popular upper bound thanks to Lovész [10]. The Lovész
number J(H) of H. An efficiently computable quantity which satisfies ¥(H) > «(H)
and
U(H1 X Hy) = J(H1)9(Hz). (3:3)

Because of this, we find ¥(H) > ©(H) [10].

3.2 Entanglement-assisted zero-error capacity

The entanglement-assisted one-shot zero-error capacity MF(N) of a classical channel
N represents the maximum number of messages that can be transmitted without error
using entanglement assistance and a single use of the channel. Here is a formal definition.

Definition 20 (Entanglement-assisted one-shot zero-error capacity). Let A be a classi-
cal channel with input set X and output set Y = E(H(N)) C 2¥X. The entanglement-
assisted one-shot zero-error capacity of A/, denoted M(’)E (N), is the largest integer
m such that there exist dimensions da,dp > 1, a quantum state |¢) ,5 € Cér ® 5,
measurements j; € M(C%, X) for all i € [m] and v, € JM(C2,[m]) for all e € E(H(N))
such that

(0l ap (Hi(2)a @ ve(§)B) |0) ap = 0ij (3.4)

for all i,j € [m], z € X and e € E(H(N)) such that x € e.
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Let’s break this definition down. Alice and Bob share an arbitrary finite-dimensional
entangled state |¢) 45 with local dimensions d4 and dp, on which each can perform
arbitrary local measurements which they have agreed on before the start of the protocol.
Alice has a message i € [m] she wants to send. Alice chooses a set of measurements
wi € M(C X) for i € [m] and arbitrary da, with outcomes found in set X. This
measurement consists of operators p;(x) where z € X, ie., p; = {pi(z) : x € X}. If
Alice’s message is 4, she measures her half of the shared state |$) , 5 with measurement
;. She obtains outcome x € X with probability p;(z) = (9|45 (i(z)a @ IB) |0) 45-
After the measurement she transmits the outcome z through the channel N.

On the receiving end, the output of the channel is a hyperedge, say e;, containing
x and possibly several other 2’ € X. For a given hyperedge e,, Bob performs the
measurement v., € J(C?2,[m]) on his system B and gets outcome j € [m]. Since this
is a zero-error protocol, we must have that ¢ = j with probability 1. Therefore, we need
to have

(Bl ap (wi(2)a @ ve, (5)B) |0) ap = 0 (3.5)

for all 4,5 € [m], where d;; denotes the Kronecker delta function.
The following theorem provides an alternative characterisation of the one-shot entanglement-
assisted zero-error capacity M{(N') of any classical channel \.

Theorem 1 (Theorem 9 in [11]). For any classical channel N with inputs X and outputs
Y, the entanglement-assisted zero-error capacity MéE (N) is the largest m € N such that
there exists a density operator pp and positive semi-definite operators j3;(x) for all i € [m)
and = € X, on some Hilbert space, such that

Vi € [m] : Z Bi(x) = pp.

zeX

Furthermore, for any pair of distinct messages i # i’ € [m] and confusable inputs x, 2’ €
X (i.e., inputs for which there is a hyperedge e € E(H(N')) such that z,2’ € ¢),

Tr[B; () B ()] = 0.
Consequently, M (N') only depends on the confusability hypergraph H(N).

Proof. We call the shared entangled state pap. Without loss of generality, to send
message i € [m], Alice performs a measurement p; = {p;(z) : * € X} on her system, so
with probability p;(z) = Tr [(ui(x)a ® Ip)pag] she obtains outcome z € X. Conditional
on the knowledge of i and x, the residual state of Bob’s system is

_ Tral[(pi(r) ® Ip)pas]

pril@) = pi(z) '

Letting B;(x) := pi(x)pp,i(z) = Tra[(pi(x) ® Ig)pag], for all messages i we have

Y Bilz) = Tral(ui(z) ® Ip)pap] = Tra

zeX zeX

> (ni(z) ® In)pas

reX

= Tralpas) =: pB,
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since ) cx pi(z) = I4. This means that Bob cannot determine which message Alice
sent without receiving the output of the classical channel, which shows that causality
is respected. On the other hand, any set of positive operators f§;(z), with i € [m],
that meets this requirement for a particular pp can be accomplished by selecting an
appropriate pap and generalized measurements.

To prove the second half of the theorem we need to use the assumption that Bob is
able to perfectly recover Alice’s message 4.

The achievement of zero-error capacity in entanglement-assisted communication relies
on the measurements used by Alice and Bob. Assuming the protocol indeed achieves
zero-error communication, through joint measurements, Alice’s measurements affect the
state of Bob’s subsystem, while Bob’s measurements depend on the outcomes obtained by
Alice. The entanglement shared between them enables the establishment of correlations
and the utilisation of quantum properties for reliable information transmission without
any error. Let’s break down the protocol.

Alice puts the measurement outcome z into the channel A/. Bob obtains the channel
output

ez =y €Y,
in addition to a quantum state left in his half of the entangled system. This information
is captured by a bipartite classical-quantum state on Bob’s side given by

opii= Y, N@l)ly) Yl @ Bi(z).
zeX,yeY
The encoding works if and only if Bob can distinguish perfectly between all o, i.e. for
all distinct 4,4 € [c],
0 = Tr[op0B,]
= Y NN W) TeBi()8 (2)]
z,x'eX,y,y' €Y

= Y NN )8 B ) B ()]

r,x'€X,yy' €Y

=2 (Zmyrxw(yx’))Tr[@(x)@-«x’)]

z,0'€X \yeY
= > (Z N(yw)/\/(y\l")> Tr[B;i(x) By (2'))-
z,x' {z,x' }EE(G) \yeY

Note that the in the final equation the sum is taken only over confusable inputs x, 2/,
which satisfy
N (ylz)N (ylz") > 0.

So for these confusable inputs we must have
Tr[B; (=) By ()] = 0,
when ¢ # 7/, to be able to make the sought after distinction. O
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Now that we have a clear understanding of what the entanglement-assisted one-shot
zero-error capacity ME (N) of a classical channel A is, we can define the (asymptotic)
entanglement-assisted zero-error capacity.

Definition 21 (Entanglement-assisted zero-error capacity). The entanglement-assisted
zero-error capacity of a classical channel NV is

CE(WN) := lim llogMéE(/\f‘@”).

n—oo N

Similar to eq. (3.2), it is the case that
CE(N) > log ME(N). (3.6)

Much like in the unassisted scenario, C¥ only depend on the confusability (hyper)graph
of the corresponding channel A/ [10]. Because of this, we will use the entanglement-
assisted zero-error capacity of (hyper)graphs and of channels interchangeably:

MP(H) = MEN), CE(H) = CEW). (3.7)

In [10] we see that hypergraphs H exist with M& (H) > My(H). Subsequently, we see
in [7, 12] that the Lovédsz bound is also applicable to entanglement-assisted quantities,
since MF(H) < 9(H) and C¥(H) < log¥(H).

3.3 Protocol for entanglement-assisted communication

This section delves into a protocol for entanglement-assisted communication and its
implications. We present a theorem by Cubitt et al. [11] that provides insights into the
zero-error capacity of classical channels and the relationship between graph properties
and capacity.

The use of orthonormal representations connects the study of entanglement-assisted
communication with concepts and techniques from graph theory. By considering or-
thonormal representations, we can gain insights into the distinctness and separability of
vertices within the graph structure. We will use them to design efficient coding schemes
for an entanglement-assisted communication protocols. The proof describes an example
of said protocol.

Definition 22. (Orthonormal representation) A d-dimensional orthonormal repre-
sentation of a hypergraph H = (V, E) is a function v : V(H) — C? that assigns unit
vectors to the vertices of H such that for each hyperedge e € E and pair of vertices
u,v € e, the vectors |y(u)) and |y(v)) are orthogonal, i.e., (y(u)|v(v)) = 0.

Theorem 2 (Theorem 11 in [11], adapted for hypergraphs). Suppose that H = (V, E) is
a hypergraph with an orthonormal representation v : V(H) — C?, and that the vertices
of H can be partitioned into m hyperedges {E1, ..., E,} C E, each of size d. Then

ME(H) =9(H) =m
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where ¢¥(H) is the Lovéasz theta, see Section 3.1. In particular, the entanglement-assisted
one-shot zero-error capacity M(J)E(H ) can be achieved by using a rank-d maximally en-
tangled state.

Proof. First, we establish MSE (H) > m by describing an entanglement-assisted pro-
tocol in which Alice and Bob share the rank-d maximally entangled state |¢) 5 =
ﬁ Z;-lzl |7) 4 ® |7) 5, with |j) the computational basis vectors for each party. The m
hyperedges of size d, which partition the vertices of the graph, correspond to m complete
orthonormal bases for C? given by B; = {|y(x)) : Vo € E;} for i € [m]. Alice and Bob
agree on this partitioning before any measurements are made.

To encode the message i, Alice measures her half of the shared state along the basis
Bf . This is done by projecting her half of the shared state onto the basis states of Bf.
Specifically, for each basis state |y(x)) € Bf, Alice performs the projection

The probability that Alice obtains outcome x € X is then given by

pi(w) = Tr[(pi(z) @ Ip)pasl,

where pap is the density operator corresponding to the shared state. If the outcome
corresponds to x € F;(C V'), Bob’s subsystem is left in the state

) = ) () = @) (O] (2)) _ Tral(ui(z) @ Ip)pas]
pp.i(r) = [y(2)) (v(2)| i) Tl () © Tn)pap]

Thus, if the outcome corresponds to z, Bob’s subsystem is left in the state |y(x)). This
follows from combining Lemma 1 and Definition 11.

The output e, € E Bob receives from N, is a hyperedge that contains x, which
is not necessarily one of the hyperedges from the original partitioning that Alice and
Bob agreed on. Thus, Bob’s subsystem must be in one of the corresponding sets of
mutually orthogonal states {|y(2')) : 2/ € e;}. Therefore, he can perform a projective
measurement on his subsystem to determine exactly which state he has, from which he
can deduce z and, as a direct consequence, the symbol i € [m] which Alice chose, with
certainty. This establishes that M (H) > m.

Second, to obtain M{¥(H) = 9(H) < m, note that ¥(H) can only increase if edges
are removed from H. Since H contains m hyperdedges of size d that cover all vertices,
we can remove all other hyperedges from H to obtain the hypergraph K,, X K;, where
K4 and K,, are the complete and empty graphs on d and m vertices, respectively. Since
Y(Kp) = m and 9(K4) = 1, and the Lovasz theta is multiplicative under strong graph
product, where we make use of eq. (3.3).

ﬁ(H) < Q9(I2'm X Kd) = 19(Kpm)19(l<'d) =m.

Using the result from [7, 12] that M¥(H) < 9(H), and putting both parts together, we
get the desired claim MF(H) = 9(H) = m. O

25



The following theorem extends Theorem 2 from one-shot capacity M[{E to the asymp-
totic capacity CéE . Its proof follows directly from Theorem 2 and the properties of
Y(H).

Theorem 3. If a hypergraph H = (V, E') has a d-dimensional orthonormal representa-
tion and there are m disjoint hyperedges e; € E such that |e;| = d and [J;2 ¢, =V,
then CF(H) = logm.

Proof. From eq. (3.6) and Theorem 2 we get that
CE(H) > log ME (H) = logm. (3.8)

Conversely,
CE(H) <log¥(H) = logm. (3.9)

where the first inequality was established in [7, 12] and the equality in Theorem 2. [

26



4 Symplectic hypergraphs

In this chapter we’ll take a closer look at symplectic hypergraphs that encode orthog-
onality relations among vectors in a symplectic space. The vertices of a symplectic
hypergraph are points in symplectic space and they represent the possible inputs of a
channel, while the hyperedges represent the possible outputs. Symplectic hypergraphs
are important in the context of entanglement-assisted communication because the first
example of a classical channel whose entanglement-assisted capacity exceeds the non-
assisted capacity is based on a symplectic hypergraph known as sp(6,Fz). By studying
the structure and properties of this graph, we aim to gain insights into the capacity and
performance of the corresponding entanglement-assisted communication channel.

4.1 Symplectic spaces

To begin, we define the notion of a non-degenerate symplectic form. A symplectic form
is a bi-linear map that satisfies certain properties, such as skew-symmetry and non-
degeneracy. These properties capture the symmetries and information-carrying proper-
ties of a communication channel. The canonical symplectic form is a specific example
that we will focus on in our analysis.

Definition 23. Let V be a vector space over a field K. A non-degenerate symplectic
form is a bi-linear map S : V x V — K which is

o skew-symmetric: S(u,v) = —S(v,u) for all u,v € V,
e non-degenerate: if S(u,v) =0 for all v € V, then u = 0.
If K has characteristic 2, an extra requirement is that S(u,u) =0 for all u € V.

Next we define a symplectic space as a vector space equipped with a non-degenerate
symplectic form.

Definition 24. A (non-degenerate) symplectic space (V,S) is a vector space V
equipped with a (non-degenerate) symplectic form.

The following theorem tells us that the dimension of any symplectic space must always
be even, and the symplectic form S can be taken to be the canonical symplectic form

o(u,v) = u” ( _im e )v (4.1)

where 1,, is the m x m identity matrix.
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Theorem 4 (Isometry of canonical symplectic space). Any non-degenerate symplectic
space with finite dimensional vector space V is isomorphic to the canonical symplectic
space (V, o). This implies that the dimension of any symplectic space is even.

From now on we will only consider binary symplectic spaces V = F5™ with canonical
symplectic form 0. We will call two vectors u,v € V orthogonal if o(u,v) = 0. Simi-
larly, we say that a set of distinct vectors vy,...,v; € V are mutually orthogonal if
o(vi,v;) =0 for all 4,5 € {1,...,k} such that i # j.

4.2 Symplectic hypergraph channel

Next, we introduce the concept of a symplectic hypergraph that will later be used to
construct a classical communications channel. A symplectic hypergraph is a structure
that represents the orthogonality relationships between vectors in a symplectic space.
Based on Definition 16, we will then construct a channel whose confusability graph is a
symplectic hypergraph.

Definition 25 (Symplectic hypergraph). For any integer m > 1, the symplectic hy-
pergraph sp(2m,Fs) is the hypergraph (V, E) with vertices V = F3™ \ {0}, i.e., all
non-zero vectors in F3™, and hyperedges E that correspond to maximal sets of mutually
orthogonal vectors in V.

Let’s look at what these symplectic graphs look like for m = 1 and m = 2.

Example 1 (m = 1). The vertices of sp(2,F) are exactly the non-zero vectors of F3,
giving us

a=(0,1), b= (1,0), c=(1,1). (4.2)

In sp(2,Fy), there are precisely three hyperedges, and each hyperedge contains exactly
one of the previously mentioned points:

E(Sp(?, FQ)) = {{(07 1)}7 {(17 O)}v {(17 1)}}7

since each point is only orthogonal to itself, using the canonical symplectic form (see
Table 4.1). This gives us 3 orthogonal sets of 1 vertex each.

|

a

— o R o

— = Ol

O = |0

C

Table 4.1: Symplectic inner products between the vectors in eq. (4.2).
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[1 2 3J]al4 5 6[b[7 8 9[c|10 11 12
1o 1 1]ofo 1 1]ofo 1 1f0of0 1 1
2010 1/0[1 0 1{0|1 0 1|0|1 0 1
301 1 0]0]1 1 0]/0]|1 1 0[0|L 1 0
a0 0 0[0[0 0 O[1[1 1 I[1[1 1 1
4o 1 100 1 1[1|1 0 O[L[L 0 O
501 0 1(0[1 0 1[1|0 1 0[1|0 1 0
61 1 0]/0[1 1 0][1]0 0 1|1|0 0 1
b o o oft[r 1 1]ofo 0o 0f1]1 1 1
7o 1 1]1]1 0 of0of0o 1T 1|11 0 O
81 0 1/1/0 1 0[0|1 0 1|1|0 1 0
91 1 0]1]0 0 1|01 1 0[1]|0 0 1
cl[o o of1]1 1 1]1[1 1 1[0[0 0 O
0o 1 11|t 0o ofr[1 0 000 1 1
1)1 0 1/1{0 1 0/1[0 1 0|01 O 1
121 1 0/1/0 0 1/1]/0 0 1|01 1 0

Table 4.2: Symplectic inner products between vectors from eq. (4.3). Taken from [13]

Example 2 (m = 2). The graph for sp(4,F3) is more intriguing. We can label its
vertices by non-zero bitstrings as follows:

1=(0,1,0,0), 2 =(0,1,0,1), 3=1(0,0,0,1),
a=(1,0,0,0), b=(1,0,1,0), c=(0,0,1,0),
4=(1,1,0,0), 5=(1,1,0,1), 6 =(1,0,0,1), (4.3)
7=(1,1,1,0), 8=(1,1,1,1), 9=(1,0,1,1),
10 = (0,1,1,0), 11 =(0,1,1,1), 12 = (0,0,1,1).

The symplectic inner products between these vectors are listed in Table 4.2. In this case,
the set of hyperedges consists entirely of three-vertex sets:

BE(sp(4,F2)) = {{1,a,4},{2,a,5},{3,a,6},{1,b, 7}, {2,b,8},
{3,5,9%,{1,¢,10},{2, ¢, 11}, {3, ¢, 12}, {4,8, 12},
{5,7,12},{6,7,11},{4,9,11},{5,9,10},{6,8, 10} }.

The corresponding hypergraph is depicted in Fig. 4.1.

Theorem 5. The 22™—1 vertices of sp(2m, F3) can be partitioned into 2™ +1 hyperedges
of size 2™ — 1.

Proof. Such a partition of the symplectic hypergraph is known as a symplectic spread,
and it’s existence is well established [14]. We give an easy to follow construction from [15].
Another proof is given in terms of commuting sets of Pauli matrices in [16, 17].
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Figure 4.1: The vectors from equation eq. (4.3) exhibit an underlying geometric struc-
ture, where the points correspond to these vectors. This structure is further
represented by a collection of continuous lines or arcs, each of which signifies
a maximal orthogonal set of vectors [13]

Let N = 2™. We will identify the vertices of sp(2m,F3) with the non-zero vectors in
IE‘?V using the following procedure. First, note that the elements (w,x) € IF'?V consist of
polynomials w, x € Fy as by Section 2.3. As such, we can write them as

w=ag+ar X+ +am 1 X" "

and
T=bo+ b1 X 4 +bp_ X",

for some coefficients a;, b; € Fs.
Let us first establish a correspondence between [ and 3" as binary vector spaces.
Note that

m—1 -1 m—1
Trfwa] = Tr | Y X’ Y 0, X7| = 3 aibTe[XX7] = " Mb (4.4)
=0 =0 i,j=0
where a® = (ag,...,am-1), b := (bo,...,bm—1)T, and M;; := Tr[X*™/] is a symmetric

m X m matrix over 5. This is a non-degenerate inner product in F5'. Indeed, the

30



map (w,z) — Tr[wz] is symmetric, bilinear (see Lemma 9), and non-degenerate (see
Lemma 12). Hence, up to some invertible transformation, it is equivalent to the standard
inner product in F5*. Namely, there exists an invertible m x m matrix P over o such
that M = PTP and

Tr[wz] = o PTPb. (4.5)

The following is an explicit bijection between Fy and F5' as linear spaces over Fa:

m—1
I:Fy—Fy: ) a X' Pa (4.6)
i=0
where a = (ag,...,am_1)". According to eq. (4.5), it preserves inner products in the

sense that Tr[wz] = I'(w)TT(z). Moreover, I'(0) = 0.
We can extend the above map I from Fy — FJ* to F% — F3™ in the following way:

I:F% — F3™: (w,z) — (Pa, Pb). (4.7)

Since P is invertible, ker(I') = (0,0) so I' is surjective and hence an isomorphism.
Furthermore, for (w,z), (y, z) € F3, we find

I((w, ) +(y,2)) = T((w +y, 2 + 2))
= (P(a+c),P(b+d))

= (P(a), P(b)) + (P(c), P(d))
Dw, x) +T'(y, 2),

where
y=c+aX+---+ Cm—le_17
z=dop+d1 X +---+ dmlem_l.

This completes our identification of the vertices of sp(2m,Fs) and the elements of F?\,
Next, consider the following map F?\, — Fo:

on((w,2),(y,2)) := Tr[wz + xy],

where Tr : Fy — Fs is the finite field trace introduced in Definition 14, and show that
this is a symplectic form. We show below that oy is bilinear, skew-symmetric and
non-degenerate:

e oy is bilinear: For any (wy, 1), (wa, z2), (y,2) € F% and «, 8 € Fy, we have
on(a(wy, z1) + Bwa, 22), (¥, 2)) = Tr[(awr + Pws)z + (a1 + Baa)y]
= oTr[w1z + z1y] + BTr[wez + z2y]
= aon((wi,21), (¥, 2)) + Bon (w2, 22), (, 2)),

which follows by Lemma 9. Thus oy is linear in its first argument. Similarly, we
can show that oy is linear in its second argument.
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e oy is skew-symmetric: For any (w,z), (y, z) € F%;, we have

on((w,x),(y,2)) + on((y, 2), (w, z)) = Tr[wz + xy| + Trlyz + zw]
= 2Tr[wz + zy] = 0.

Therefore, oy ((w, z), (y,2)) = —on((y, 2), (w,z)) for all (w,z), (y,2) € F%.

e oy is non-degenerate: This follows directly from the finite field trace being non-
degenerate as shown in Lemma 12.

Thus oy is a symplectic form. Now, let us show that the symplectic spaces (F3™, o)
and (F%,,0n) are isomorphic. Recall that I' defined in eq. (4.7) induces an isomorphism
between the two spaces. To show that the symplectic form oy is preserved by I', note
the following:

UN((wa $), (y7 Z)) = T‘r[wz + :Cy]
= Tr[wz]| + Tr[zy]
=aT PTPd+ b PT Pc

() (8 ()
= o((Pa, Pb), (Pc, Pd))
o(l(w,z),I(y,2)),

where ¢ is the canonical symplectic form as described in eq. (4.1). This allows us to
describe the partition for the non-zero elements of (F3™, o) in terms of one for those of
(F3%,0n).

Denoting the multiplicative group (of order N —1) in Fy by Fy, := Fx \ {0}, the cells
of a partition of the non-zero elements of IF?V are:

7o = {(z,az) :x € Fy} (a €Fp), (4.8)
mnvy1 = {(0,2) : x € Fy}. (4.9)

It is easy to check that these N + 1 cells of size N — 1 partition F4;. Moreover, if (z, ax)
and (y,ay) are in the same cell, then

on((z,az), (y,ay)) = Tr[zay + axy] = Tr[2zay] = Tr[0] = 0.

Therefore, each cell is a clique with respect to the symplectic inner product oyn. By
applying the bijection '™ we can translate this partition of (F ?\,, on) back to the original
symplectic space (F3™, o). O

The symplectic hypergraph channel N is described by the confusability hyper-
graph H(N) = sp(2m,F3) where m > 1 is any integer. Recall from eq. (3.1) that
the input and output sets of N are X := V(H(N)) and Y := E(H(N)), respectively.
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According to Theorem 5, the number of inputs to A/ is |X| = 2™ — 1 and the num-
ber of outputs is |Y| = 2™ + 1. Under input = € X the output of the channel is any
y € Y such that x € y, and it occurs with some probability N(y|z) > 0 such that
2yaey N (ylz) =1 [7].

From now on we will focus on the specific case of m = 3 or sp(6,F2).
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5 The zero-error capacities of the
symplectic hypergraph channel

The next two sections prove that for channels with confusability graph sp(6,Fs), the
entanglement-assisted zero-error capacity is larger than the unassisted one. More specif-
ically,

Theorem 6. Cy(sp(6,Fs)) = log 7, however C¥(sp(6,F3)) = log 9.

The first part of this theorem, Cy(sp(6,F2)) = log7 is a special case of a result
from [18], where m = 3. To prove this we will need Haemers’ bound.

Theorem 7 (Haemers’ bound). Let H be a hypergraph and let M,, with u,v € V(H)
be a matrix with entries in any field K. We say that matrix M fits H if M, # 0 and
M., = 0 when there is no e € E(H) such that u,v € e, meaning there is no hyperedge
which contains both « and v. Then O(H) < R(G) := min{rank(M) : M fits G}, where
©(H) is the Shannon capacity of H. In particular, we have Co(H) < log R(G).

The proof for this theorem is outlined as follows.

5.1 Classical case

Theorem 8. Cy(sp(2m,Fq)) = log(2m + 1).

Proof. To establish an upper bound, we can construct a matrix over the field K = Fy
that satisfies the requirements of sp(2m,Fs) and has a rank of 2m + 1, after which we
will use Haemers’ bound to deduce the sought after inequality.

We first define a subspace U, as follows:

Up = {v € Fa™ 1 (v, 0)} = 0.

This subspace, residing within F %mH, possesses a dimension of 2m. Importantly, it is

characterised by the property that each vector within U, consists of an even number of
entries equal to one. When we consider the standard inner product (.,.) on the vector
space Fgmﬂ and apply it to the subspace U,,, something interesting happens. The
standard inner product on U, exhibits properties similar to those of a non-degenerate
symplectic form. In other words, there exists an isomorphism

T (F%m,g) — (Um7 <‘7 >)

that maps the vector space (F%m, o) with the canonical symplectic form o to the subspace
(Um, (., .)) equipped with the standard inner product (., .), such that
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Vu,v € F3™ : o(u,v) = (T(u), T(v)).

Consider the vector 1 € F%mﬂ which has 1 in every entry. Note that for all v € U,, we
then have (1,v) = 0. For all u,v € F3™ we define the fitting matrix M as follows:

Myy = (1+T(u), 1+ T(v))
= (L1 + (1, T)) + (T(u), 1) + (T'(u), T(v))
=1+ 0(u,v).

Since o(u,v) = 1 if and only if u and v are not both contained in the same set, the
matrix M fits sp(2m,Fa). Since it is the Gram matrix of a set of (2m + 1)-dimensional
vectors (where the entry at position 4, j corresponds to the inner product of the i-th and
j-th vectors, according to an arbitrary ordering of the set), its rank is at most 2m + 1.
Consequently, by Haemers’ bound, we have

Co(sp(2m,Fq)) < log(2m + 1).

For the matching lower bound, consider the standard basis e; for i € {1,...,2m + 1}
in Iﬁ‘gmﬂ. Let f; :== e; + 1. It can be observed that (f;, f;) = 1 — d;;, where d;; is the
Kronecker delta. Therefore, f; belongs to Uy, and (T~L(fi), T7(f;)) = 1 — ;5. As a
result, the set

{T7Yf) rie{l,....2m +1}}

forms an independent set of size 2m+1 in sp(2m, F2), implying a(sp(2m,F3)) > 2m+1.
Consequently, we have Cy(sp(2m,Fs2)) = log(2m + 1), and the upper bound on the
zero-error capacity is achieved by a code of block length one. ]

In coding theory, the term “block length” refers to the length of the codewords used
in the code. A code with a “block length one” means that each codeword in the code
consists of a single symbol or character.

5.2 Entanglement-assisted case

In this section we explain the second part of Theorem 6, namely that C¥(sp(6,F3)) =
log9. Afterwards we give a more explicit description of the protocol for m = 3.

Lemma 13. There is an orthonormal representation of sp(6,F2) of dimension 7.

Proof. A complete orthonormal representation of sp(6, Fa), which consists of 9 orthonor-
mal bases in R7, is presented in Appendix A of [1]. It remains to verify that this repre-
sentation possesses the desired properties (see Definition 22). Notably, it is interesting to
observe that the representation comprises vectors from the root system E7. In Appendix
B of [1], a more insightful description and proof of the representation in relation to Ex
is provided.
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Given that the 63 vertices of sp(6, F2) can be partitioned into 9 cliques, each containing
7 vertices (as stated in Theorem 5), it follows from Theorem 3 that C¥ (sp(6,F2)) = log 9.
Moreover, since we have previously shown that Cy(sp(6,F2)) = log(2-3+ 1) = log7, we
have successfully concluded the proof of Theorem 6. 0

Next, let’s take a closer look at what our channel and the corresponding entanglement-
assisted protocol described in Section 3.3 looks like for m = 3. By Theorem 5 we know
that the 223 — 1 = 63 vertices of sp(6,F3) can be partitioned into 23 + 1 = 9 cliques,
each consisting of 23 — 1 = 7 vertices. By Lemma 13 in [1] we know that sp(6, F2) has an
orthonormal representation v in R”. By using this orthonormal representation, we can
construct a set of nine orthonormal measurements {x‘(z) € R™7 : z € X (i)} for Alice.
If Alice wants to transmit message i = 1,...,9, she performs the measurement u’ with
operators

pl() = @) (@), =€ X().

The measurement outcome z lies in the i-th clique X (i) C V(sp(6,F2)) = F$ \ {0} and
is used by Alice as the input to the classical channel. The output of the channel is
an arbitrary hyperedge e, that contains Alice’s input z. For each hyperedge e;, the

corresponding Bob’s measurement {v% (j) € R™7 : j = 1,...,7} is constructed from
the same orthonormal representation ~y:
vee(i) = Iee(5)) (Ve (G)I,  5=1,...,7,

where e,(j) € V(sp(6,F2)) is the j-th vertex in the hyperedge e, output by the channel.
At the beginning of the protocol Alice and Bob share the maximally entangled state
[V) 4 = % 23:1 i) 4 @ |i) 5, on which they perform the following measurements:

Alice:  p(z) @1,
Bob: I®v®(j),

where I is the identity operator. They obtain the following outcome probabilities:

p(x,jli,ex) = (Yl 4p (1" (2)a @ v (§)B) [¥) 4p -

This protocol satisfies the conditions of Section 3.3 and can transmit any message i =
1,...,9 with zero error, so it achieves zero-error entanglement-assisted capacity log 9 for
the classical channel whose confusability hypergraph is sp(6,[Fs2).

5.3 Connection to FE;

The term “root system” refers to a set of vectors with special properties. It was intro-
duced by mathematician Wilhelm Killing while studying Lie algebras and Lie groups.
The name “root” was chosen to highlight the analogy with the roots of polynomial equa-
tions. Just like polynomial roots are crucial in understanding the equation, the roots in
a root system play a fundamental role in characterising the structure and symmetries
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of Lie algebras and Lie groups. Root systems are a valuable tool to investigate the
symmetries and algebraic properties of these structures.

The Lie group E7 has 126 continuous connected components, which form the vertices of
the corresponding root system. The symplectic graph sp(6, Fy) is closely related to the E7
root system, which is a finite, orthogonal representation of the Lie algebra E7 in R”. This
is because the vertices of sp(6,F2) can be identified with the components of the E7 root
system. The dimension of the Fr root system is 7, which is the same as the dimension
of the orthonormal representation of sp(6,Fq) that we have been using. This connection
to the E7 root system is what makes it possible to construct orthogonal measurements
that satisfy the conditions of Section 3.3 and achieve zero-error entanglement-assisted
communication for the symplectic graph sp(6,F3). The connection of the symplectic
graph sp(6,F2) to the E; root system not only allows us to use the properties of the E7
root system to analyze the graph, but also highlights the connections between the study
of symplectic graphs and the study of Lie algebras and Lie groups.
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Popular Summary

Communication channels are the pathways we use to transmit information from one
person to another. These channels can be spoken language, written text, radio waves,
or computer networks. The goal of communication is to guarantee that the information
sent by the sender is accurately received and understood by the receiver. However,
communication channels are often imperfect — they can be affected by various factors
that introduce errors or distortions into the transmitted information. This is where the
concept of noisy channels comes into play.

A noisy channel refers to a communication channel where interference, noise, or er-
rors can corrupt the message during its transmission. This can occur due to factors
like signal attenuation, electrical interference, or external sources of disturbance. In the
field of information theory, researchers study the capacity of a noisy channel, specifically
focusing on the zero-error capacity. The zero-error capacity of a channel refers to the
maximum rate of reliable communication, where the receiver can decode the message
with absolute accuracy and without any errors, even in the presence of noise. Under-
standing the zero-error capacity helps us determine the limits of reliable communication
over noisy channels and develop coding and decoding techniques that can maximize the
accuracy and robustness of the transmitted information.

Quantum physics offers a surprising way to boost channel capacity by sharing entan-
glement between the sender and the receiver. Entanglement is when particles become
intertwined and their properties become highly correlated, even if they are far apart.
By sharing entangled particles, the sender and receiver in a communication channel can
increase channel capacity if they can manipulate them properly. Furthermore, by re-
peatedly utilising a communication channel, researchers have noted the possibility of
heightened communication efficiency as opposed to singular usage.

In this thesis, as well as the study of communication channels more broadly, certain
abstract structures called finite fields play a significant role. Finite fields provide a
generalised framework for arithmetic operations, similar to numbers, but with specific
properties and limitations. We use them to construct and analyse a channel whose
zero-error capacity is increased when the sender and receiver share entanglement.
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